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An integrated, consistent analytical framework is developed for modeling the dynamics of elastic hypersonic flight
vehicles. A Lagrangian approach is used to capture the dynamics of rigid-body motion, elastic deformation, fluid
flow, rotating machinery, wind, and a spherical rotating Earth model and to account for their mutual interactions.
The resulting equations of motion govern the rigid-body and elastic degrees of freedom (DOF). The elastic motion is
represented in terms of modal displacement coordinates relative to the elastic mean axes system, and the rigid-body
motion is represented in terms of the translational and rotational velocities of this axes system. A vector form of the
force, moment, and elastic-deformation equations is developed from Lagrange's equation; a usable scalar form of
these equations is also presented. The appropriate kinematic equations are developed and are presented in a usable
form. The characteristics of the three-DOF point-mass dynamic model are also outlined, and the corresponding
equations are presented. A preliminary study of the significance of selected terms in the equations of motion is
conducted. Using generic data for a single-stage-to-orbit vehicle, it was found that the Coriolis force can reach
values up to 6 % of the vehicle weight and that the forces and moments attributable to fluid-flow terms can be
significant.

I. Introduction

T HE traditional development of the equations of motion for flight
vehicles can be found in flight mechanics textbooks1'2 where a

Newtonian approach is used and the elastic degrees of freedom are
excluded. On the other hand, structural dynamic models for flutter
analysis frequently exclude some or all of the rigid-body degrees of
freedom.3 For vehicles with sufficiently stiff structures, the effects
of elastic deformation can be included by assuming complete de-
coupling of the "rigid-body" and "elastic" modes. Noting that the
separation between these modes is not large for vehicles character-
ized by significant aeroelastic effects, Waszak and Schmidt4 used a
Lagrangian approach to develop the equations of motion for elastic
airplanes. Among the simplifications used in the development of
Ref. 4 are a "flat, nonrotating Earth" model and the absence of fluid
flow, wind, and rotating machinery.

For conventional aircraft, a traditional approach to dynamic mod-
eling (e.g., considering airframe and engine as separate entities,
using a rigid-body approximation, and then accounting for elas-
tic effects by using quasistatic methods, etc.) can be used without
introducing significant errors. Flight vehicles of the future, such
as single-stage-to-orbit (SSTO) vehicles, are more likely to have
complex interactions among their components, thereby motivat-
ing an integrated, multidisciplinary approach to their design and
development.5'6 Moreover, certain assumptions that are routinely
made for conventional aircraft (e.g., nonrotating Earth, no fluid-flow
effects, no aeroelastic effects) may not be valid for these classes of
vehicles.

The objective of the present work is to develop an integrated, con-
sistent analytical framework for modeling the dynamics of elastic
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hypersonic flight vehicles. The elastic deformation of the vehicle is
modeled by using mode shape functions and in vacuo modal vibra-
tion frequencies obtained from structural dynamic analysis. Apply-
ing "first principles" to each particle of the vehicle, a Lagrangian ap-
proach is used to develop the force, moment, and elastic-deformation
equations for the vehicle. The appropriate kinematic equations are
also developed. A rigorous and unified approach yields a dynamic
model that captures the effects of rigid-body motion, elastic defor-
mation, fluid flow, rotating machinery, wind, and a spherical rotating
Earth, and their mutual interactions. This dynamic model can be used
for trajectory analysis and/or optimization and to analyze and de-
sign flight control systems. It may also be used to identify potential
performance or stability-and-control problems in the early stages
of conceptual design of the vehicle and to recommend changes in
vehicle configuration to rectify such problems. Using generic data
for a single-stage-to-orbit vehicle, a preliminary study is conducted
to assess the significance of selected effects.

II. Lagrangian Approach
A. Vector Notation and Derivatives

The notation A \F indicates that the vector A is expressed in terms
of its components along the axes of frame F, whereas the notation
dA/dr|F indicates that the time rate of change of vector A is eval-
uated in frame F'. The time derivative of vector A in frame 2 can
be expressed in terms of the time derivative of vector A in frame 1,
using the relationship

dA
~dT

dA
X A (1)

where <y1<2 is the angular velocity of frame 1 relative to frame 2.

B. Axes Systems and Transformations
The inertial frame /, Earth-fixed frame E, and vehicle-carrying

frame V are defined in the standard fashion1 and are shown in Fig. 1.
It is noted that the Earth-center frame is assumed to be inertial; hence
u>Ej is the angular velocity of the Earth about its axis of rotation.
The body frame B is fixed to the body of the vehicle, with origin at
the instantaneous center of mass (c.m.) of the vehicle.

The elastic mean axes system is chosen as the body axes system.
Let r be the position vector of a mass element dm of the vehicle,
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Prime Meridian

Equator

Fig. 2 Position of mass element.

measured from the origin of the body frame as shown in Fig. 2. For
an elastic vehicle, this vector can be written as r = r0 + e, where
r0 is the position vector of mass element dm in the undeformed
vehicle, and e is the change in position vector of the mass element
dm due to elastic deformation of the vehicle. The mean axes are
defined such that the relative linear and angular momenta, due to
elastic deformation, are zero at every instant. Thus, the mean elastic
body axes must satisfy the following condition4:

{ de - C de
/ — dm = 0 = / r x —
L dt B L dt

dm (2)

The components of some vector A can be transformed from the
vehicle-carrying frame to the body frame by using the relationship

= [T]A\ (3)

where [T] is a coordinate transformation matrix. If the orientation
of the body frame relative to the vehicle-carrying frame is described
by the roll, pitch, and yaw angles (0, 0, \jf) in the standard aircraft
(3-2-1) Euler sequence, then the coordinate transformation matrix
[T] is given by1

-sO

ccpsOsi/s

+s4> si/s —

S(pc0

C(j)c0

(4a)

Alternatively, the orientation of the body frame relative to the
vehicle-carrying frame can be described by the quaternion com-
ponents Pi = cosfe) sin(5/2) for / = 1, 2, 3, and p4 = cos(5/2),

where e/ are the angles between the eigenaxis and the body axes,
and 8 is the principal rotation angle. The coordinate transformation
matrix [T] is given by7

-Pi + fi.

-ft + Pt (4b)

C. Structural Model of Vehicle
It is assumed that the elastic deformation of the vehicle is suffi-

ciently small and can be represented in terms of its normal undamped
modes of free vibration. Hence, at a given mass element, the elastic
deformation can be modeled as

(5)

where 0/ are the mode shape functions, and 77,- are generalized
coordinates giving the magnitudes of the modal displacements. The
values of the mode shape functions (0/) at a mass element depend
on the position of that mass element in the vehicle; the values of the
generalized displacement coordinates (77,) are strictly functions of
time. For the purposes of structural modeling, the vehicle is divided
into a large number of elements. The coordinates of each element in
the undeformed vehicle are available from vehicle geometry. Struc-
tural dynamic analysis (e.g., finite element approach) provides the
mode shape function components at each element of the vehicle, as
well as the in vacuo modal vibration frequencies (&>/), for a selected
number of modes.

D. Lagrange's Equations of Motion
Lagrange's equations of motion8 for a dynamic system can be

written as

3T BU
(6)

where T is the kinetic energy, U is the potential energy, and £/ are
generalized coordinates, Qt are generalized forces given by

3(8W)
(7)

where SW is the virtual work done on the system by all external
forces/moments (excluding those already accounted for in the po-
tential energy term) during a virtual displacement along all of the
generalized coordinates.

The motion of the flight vehicle can be described in terms of the
position R relative to the inertial frame (see Fig. 2), the orientation
F relative to the inertial frame, and the modal displacement coor-
dinates (rjt) representing elastic displacements relative to the unde-
formed shape. Hence the generalized coordinates may be written as

where

= r Eu* = [4> 0 vl/f

IE = 12 r?3 . . .}T

(8)

(9a)

(9b)

(9c)

The distances (Rx, Ry, R,) are components of the vector/? along the
body axes, and the angles (<t>, @, *) are components of the vector
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F along the Euler system of axes (Eu*) for the (3-2-1) sequence of
rotations from the inertial frame to the body frame. It is emphasized
that these angles are different from the Euler angles (0,0, ^), which
are angles in the standard aircraft (3-2-1) sequence of rotations from
the vehicle-carrying frame to the body frame, as defined earlier.

E. Kinetic Energy of the Vehicle
The kinetic energy of the vehicle (T) is equal to the sum of the

kinetic energy of all mass elements of the vehicle and is given by

, .' dEr = - / - dm (10)

where E is the position vector of a mass element dm of the vehicle,
as shown in Fig. 2. Noting that E — R + r, and expanding, one
obtains

T = ±m(Vi • V,) + Vt • I — dm + - / —
Jm dt I 2 Jm dt

dr
dr

dm (11)

where Vj is the inertial velocity of the vehicle, and m is the instan-
taneous total mass of the vehicle.

Applying Eq. (1) to r and integrating over all mass elements of
the vehicle yield

J m
r dm — (13)

and therefore the second term on the right-hand side of Eq. (12)
vanishes.

Taking the time derivative of Eq. (13), and noting that the mass of
the vehicle (m) is changing due to fluids entering/leaving through
openings in the vehicle, one obtains

d / f \ f dr
— I / rdm 1 = / —
a* \Jm J B Jm

Adm -f- m fluid n e n ^ O (14)

where mfluid is the average mass flow rate of fluid entering (positive)
or leaving (negative) the vehicle through an opening, and ropen is the
average location of the opening relative to the origin of the body
frame. The second term on the right-hand side of Eq. (11) can now
be written as

dm = -Vj • ( E —'-)
\ openings /

Applying Eq. (1) to r, the third term on the right-hand side of Eq.
(11) can be expanded to yield

I f d r dr I f
2 Jm dt ,' d7 7

dm = 2 Ja
(UB-' x r)'(u)fij x r) dm

/•dr
+ ld7

1 C dr
B.I x r) dm + - / —2 /. dr

dr
dr (16)

Expanding terms in the integrand and integrating over all mass
elements of the vehicle, the first term on the right-hand side of
Eq. (16) can be written as

Bj xr)dm = ±(jjT
BJ[I]uBj (17)

where [/] is the matrix of moments of inertia about the body (mean)
axes of all mass elements of the deformed vehicle.

Using a result for scalar triple products, and noting that r = ro -f-e,
the second term of Eq. (16) can be written as

dr
• (UBJ x r) dm =

dr0

"dT
dm

/* de \
- / r x — dm I

Jm d' 5 /
(18)

The second integral in the right-hand side of Eq. (18) is zero, from
the definition of the mean axes system as given by Eq. (2); the first
integral is zero for all mass elements of the vehicle that have no
rigid-body motion relative to the body frame. Modeling all mov-
ing subsystems (e.g., rotating machinery) of the vehicle as rigid,
balanced rotors, Eq. (18) can be written as

f dr
/ —

Jm '
fl,/ xr)dm = (19)

where [IR] is the matrix of moments of inertia about the rotor axes,
of all mass elements of a rotor, and UR,B is the rotational velocity
of the rotor frame relative to the body frame.

Using r = r0 + e, and noting the rigid-rotor assumption, the third
term in Eq. (16) can be written as

/*: dm=f^ dm + u ^ x / ' r d m (12) 1 / *
Jm dt I Jm dt B Jm 2 Jm dt

where u>B j is the rotational velocity of the body frame relative to
the inertial frame. The position vector r of a mass element dm is -f
measured from the vehicle center of mass. Hence

dr
df

dm =

de
dr dm (20)

Using Eq. (5), the second term on the right-hand side of Eq. (20)
can be written as

de de

Since the modes of free vibration are normal (i.e., orthogonal), it
follows that

cj>j) dm =
0

for j = i
for j ^ /

(22)

where M, is the generalized modal mass associated with the /th
elastic mode. Equation (20) can now be written as

,tf (23)

,15x Substituting Eqs. (17), (19), and (23) into Eq. (16) results in

1 C dr
2 Jm dt

dr
dr

dm =

(24)

Substituting Eqs. (15) and (24) into Eq. (11), one obtains the final
expression for the kinetic energy of the vehicle:

T = \mV]Vl + iwT
BtI[I]wBJ + 5 £ Mti

-Tl

(25)
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F. Potential Energy of the Vehicle
The potential energy of the vehicle consists of two parts and is

given by

U = Ue + Ug (26)

where Ue is the elastic strain energy of the vehicle, and Ug is the
potential energy due to the gravitational field acting on the vehicle.
The elastic strain energy may be written as4

where &>, is the in vacuo modal vibration frequency associated with
the /th elastic mode.

The gravitational potential energy is given by

-!: -g dm = m(gTR) = -mgQ- R (28)

where g is the absolute acceleration due to the Earth's gravitational
field at the vehicle location, /?earth is the local radius of the Earth at
the vehicle coordinates, and go is the sea level value of the abso-
lute acceleration due to the Earth's gravitational field at the vehicle
coordinates. For a homogeneous spherical Earth model, the abso-
lute sea level gravity value #0 = 9.80834 (m/s2) and the mean Earth
radius value #earth — 6371 (km) may be used.

G. Generalized Forces
The generalized forces in Lagrange's equation may be repre-

sented by
T

F Ql Ql]
where

1,E

(29)

(30)

The virtual work (8W) done during a virtual displacement along
the generalized coordinates (R, F, <f>i , rji) consists of the work done
by the pressure distribution and fluid flow during the rigid-body
translation and rotation of the vehicle and the work done by the
pressure distribution during the elastic deformation of the vehicle.
Hence,

SW=

m f luid" dt

Ex[(P-

)" + //] dA

8R

+ ft] dA
^vehicle

/ .
£open X I

o e n i n s \

I
J >i v

[(P - P^ii H- ft] - dA (31)

where Avenjcie is the surface area of a control volume enclosing
the vehicle, dA is an elemental area on the surface of the control
volume, h is an inward-pointing unit vector normal to dA, t is a unit
vector tangent to dA along the local flow direction, P is the local
static pressure at element dA, P^ is the atmospheric (freestream)
static pressure, / is the local tangential stress due to the flowfield at
element dA, £ is the position vector of element dA measured from
the origin of the inertial frame, £0pen is the average location of an
opening measured from the inertial frame, and £fluid is the average

location of fluid elements at the threshold of an opening, measured
from the inertial frame. It is noted that although £fluid = £0pen> their
time derivatives are not equal in general. The vehicle control volume
surface area can be written as

A v / >
openings

AOp( (32)

where Aw is the wetted surface area of the vehicle, and Aopen is the
inlet/exit area, measured perpendicular to the internal-flow axis, of
a rocket or air-breathing jet engine.

The generalized force QF is obtained by using Eqs. (30-32).
Noting that R\B = £F, one obtains

(33)

where FA and FT are the aerodynamic force and thrust force, re-
spectively, given by

-L
FT =

[(P - P^n + ft] dA (34)

- Poo)wopen + ttZfluidV/>] (35)

In Eqs. (34) and (35), nopen is an inward-pointing unit vector normal
to Aopen, and V/i0 is the velocity of the fluid relative to the opening.
It is noted that the force resulting from flow turning at an engine
inlet/exit has been included in the FT term and that the mass flow rate
^ fluid may be modeled as a function of the local angle of attack, the
deformed shape of the inlet/exit, and the relative fluid velocity V^0,

An expression for the generalized force QM is obtained by using
Eqs. (30-32). Noting that T\B = [G]T\El1* = [G]£M, one obtains

QM = [G]T

MA + MT +
openings

+ R x FA+FT m fluid Vj -f

dt

deepen

dt

, ])]
,1)

where [G] is a coordinate transformation matrix given by

'1 0 -sin0 "
0 cos <t> sin <$> cos 0
0 — sin <$> cos O cos 0

(36a)

(36b)

The quantities MA and MT are the aerodynamic moment and thrust
moment, respectively, about the vehicle c.m. and are given by

-LMA = [(P-
AW

x h) + f(r x t)] dA (37)

MT= 2^ [ropen X (Aopen(P - PoJ/lopen + mfluidV/,0)] (38)
openings

It is noted that the moment resulting from flow turning at an engine
inlet/exit has been included in the MT term.

The generalized aeroelastic forces QE. are obtained by using Eqs.
(30) and (31). Noting that %E. = </>//) / , one obtains

QE, = [(P - Poo)« H- ft] • 0/dA; / = 1, 2, 3 , . . . (39)

Reference 9, for example, presents a simplified aeropropulsive and
aeroelastic model. It includes the development of expressions for
FA, FT, MA, MT, and P, for a generic hypersonic vehicle.
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III. Force and Moment Equations
A. Force Equations

From Lagrange's equation, the force equation of motion (EOM)
is given by

3U
(40)

The force EOM is constructed by substituting Eqs. (25-28) and (33)
into Eq. (40). After some algebraic manipulation, one obtains

dV,

E + ^BJ x ''o 1 + W fluid ropen

(41)

It is noted that the general form of the force equation given by
Eq. (41) is similar to that obtained by using a Newtonian approach
and the solidification principle.2

Using Eq. (1), the inertial acceleration of the vehicle can be ex-
pressed as

dt
dVE

dt x VE + UEJ R) (42)

where VE is the vehicle velocity relative to the Earth-fixed frame
and is equal to the vector sum of the vehicle velocity relative to
the atmosphere (VA) and the velocity of the atmosphere relative to
the Earth (Vwind). Hence VE = (VA + Vwind), and Eq. (42) can be
written as

dV/
dt

dVA

dt
x VA ./ x VA

dt
vwind (43)

Substituting Eq. (43) into Eq. (41), the vector form of the force EOM
can be written in an expanded form, as presented in Fig. 3.

To write the force EOM in scalar form, the appropriate vec-
tor quantities must be expressed in terms of scalar components
along the body axes. The vehicle airspeed VA — [w v w]T, the
vehicle absolute angular velocity o;#,/ = [p q r ] T , the inlet loca-
tions rin = [jrin yin z in]r, the exit locations rout = [*out yout zout]r,
the aerodynamic force FA = [XA YA ZA]T, and the thrust force
FT = [XT YT ZT]T are expressed directly in terms of components
along the body axes. The vehicle position vector R = [0 0 — R]T,
the Earth's gravity vector g - [0 0 go(#earth/#)2]r, the Earth's
absolute angular velocity UE.I — ^eanhtcosA. 0 — sinX]r, and
the Earth-relative wind velocity VWind = [W^ WE — WU]T are
first expressed in terms of components along the vehicle-carrying
axes, as indicated earlier, and then transformed into components

+

+

+

m <LY^ + coBjl x VA Rig
1 dt B

m COE.I x VA + COE.I x (COE.I x R)

m d V w n c + 2 « E i x V w m d )
dt E ' '

j 2 ITla.r COB, I X (rout - Tin) +

1 r
engines + 2 m ,̂ COB I X Tout + £-

I L <

— T: 7: Gravitationam g + FA + FT
Interaction:

id-body terms

} Rotating-Earth terms
' Interact on: Rigid-body, Altitude

W nd terms
Interaction: Rotating-Earth, Longitude, Latitude, Altitude

d?out d?n )] + n
dt B dt B / J

î + mfuelTout
it B

iair (rout- rtn) Fluid-flow terms
Interaction:

Rigid-body,
Elastic-deformation

Aerodynam c and Propulsive force terms
Rigid-body, Fluid-flow, Elastic-deformation, Altitude

+

+

m d COB i — r T~I —
dt B

rotors d t

[" ; ' — Rigid-body terms
Interaction: Fluid-flow, Elastic-deformation

,B Rotor terms
B nteraction: Rigid-body

ITlair ToutX (toB I X Tout) - T nX (COB I X ?in) + routX ̂ "1

y ' ' ' d t
2- \ r r i

cngncs + n fud| r o U t X ( c O B i x r , - , u O + roulx^^.
I L ' dt J

-rinxd_^i Fluid-flow terms
B d t n. 1

\ Interaction:
1 Rigid-body,

Elastic
-deformation

77 77 Aerodynamic and Propulsive moment termsMA + MT
Interaction: Rigd-body, Fluid-flow, Elastic-deformat on, Alttude

=

MJ (rj + 2 ̂  C0i Tji + coi2!!!)

f r - MT-[ (P - P«) n + f t J (}), dA
JA W

Elastic-deformation terms

Aeroe astic force term
Interaction: Rigid-body, Altitude

Fig. 3 Force, moment and elastic-deformation equations.
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Table 1 Force equations in body axes system

ra(w + qw — rv) + m I
1 cos A. — ?23 sin A.) — v(T^\ cos A. — 733 sin X)]

^l» COS ̂  sin ^ + ^13 COS2 A.)

t - Zin) - K^out - yin) + (xoul -
^Zout - ryout + *out] + Wfuel*out

^earth UKTsi cos A. — 733 sin A.) — w(T\\ cos A. — TO sin
+ 7?&>2

arth(72i cos X sin A. -f- 7?3 cos2 A.)

(WNT2\ + W£r22 - WuT23)
+ WE(T2i sin A. + T23 cos A.) + W^/^;

t - *in) - p(Zout - Zin) + (j'out - }'i

A^ i + 2mfuel[rx0ut - PZout + joutl + ^fueiyout
engines

= mgQ ( -^
\ ^

>,2COsA.)] ]

iii) 1

J

+ pv — qu) + •r :arth[^(^n cos A — T\i sinA.) — w(^2i cos A — T23 sin A)]
,(731 cos A. sin A. + 733 cos2 A.)

- W(/(r32cosA.)]

ir(Zout - Zin)

+ 2mfuel[p>;out — 9-^out + Zoutl + ^fuelZoui

along the body axes by using the coordinate transformation ma-
trix [7] given by Eq. (4). After expressing all vector quantities
in the force equation in terms of their scalar components, three
scalar force equations along the body axes are obtained; these equa-
tions are presented in Table 1. It is noted that the mass flow rates
of air and fuel in the force equations are positive quantities since
the appropriate signs have already been absorbed into the force
EOM.

B. Moment Equations
From Lagrange's equation, the moment EOM is given by

d
(44)

The absolute angular momentum (about vehicle c.m.) of all mass
elements of the vehicle is given by

(45)

The moment EOM is constructed by substituting Eqs. (25-28) and
(36) into Eq. (44). After considerable algebraic manipulation, one
obtains

d//
= MA + MT

dr01

openings

m fluid ropen

dt ^ ''open I (46)

It is noted that the general form of the moment equation given by
Eq. (46) is similar to that obtained by using a Newtonian approach
and the solidification principle.2

Substituting Eq. (45) into Eq. (46), and applying Eq. (1) to UJBJ
and cj/^5, the vector form of the force EOM can be written in an
expanded form, as presented in Fig. 3.

It is recalled that [/] is the inertia matrix for the entire vehicle
and can be expressed as

[/] =
I*

-f*y (47)

Changes in the inertia matrix can be caused by changes in mass
distribution due to net fluid flow through the vehicle and by elastic
deformation. The latter may be neglected if the elastic deformations
are assumed to be sufficiently small.

It is assumed that the rotors have an axisymmetric mass distri-
bution and rotate about their axes of symmetry. The mass moment
of inertia about the axis of rotation is /rotor, and the rotor angular
velocity relative to the body frame is a>rot0r. The orientation of a rotor
axis relative to the body axes system is given by (erot0r, crrotor) where
erotor is the angle between the rotor axis and the body x-z plane, and
arotor is the angle between the body x axis and the projection of the
rotor axis on the body x-z plane. Hence the rotor angular momen-
tum can be expressed in terms of components along body axes as
UR]UR,B = /rotorWrotor[(C£rotor CCrrotor) (S£mtOT) (C£rotor 5(7rotor)]r. The
aerodynamic moment and thrust moment vectors can be expressed
in terms of components along the body axes as MA = [LA MA NA]T

and Mj = [Lj MT Nj]T', respectively. The remaining vectors in
the moment equation are expressed in terms of components along
the body axes, as described in Sec. III. A. After expressing all vector
quantities in the moment equation in terms of their scalar compo-
nents, three scalar moment equations along the body axes are ob-
tained; these equations are presented in Table 2. It is noted that the
mass flow rates of air and fuel in the moment equations are positive
quantities since the appropriate signs have already been absorbed
into the moment EOM.
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__ Table 2 Moment equations in body axes system

lxp + (7Z - Iy)qr - Ixz(r + pq) - Ixy(q - pr) + Iyz(r2 - q2) + Ixp - !xyq - Ixzr
TC — \

-f { /rotor [ft>rotor(^ COS £rotor sin crrotor ~ r Sill erotor) + ^rotor COS £rotOr COS orrotor]}

79

/ J L ~ (*outZout - *inZin)r + (^out^out ~ Win) ~ Uoutjout ~ Win)

engines ^ _|_ mfuel [(^t + ^out)/7 ~ (*out;Vout)# - (*outZout)r + ^out

+ / { /rotor [&>rotor(r COS £rotor COS <7rotor ~ P COS £rotor Sin <Jrotor) + <i>rotor Sin £rotorl}
rotors

, . -*• V n ) P + { 6 c 2 - X 2 } + (z2 - 7 2 } } cout -*m^m;^-T j ̂ out
 Ain>/ ^ V out in/P

-E
engines

= MA + Mj

r -(*outy0ut - *in?in)/> + {(4* - 4) + (4« - 4) h
L — (yout^out ~~ );in£in)'" + (^out-^out ~ £in-*in) ~ C^out^out ~~ *in£in)

+ ^fuel| ~~ (xoutyout)P + (j*-out ~^~ ^outj^ ~ (jout^out)^ + ^out^out ~ -^o

Izr + (Iy - Ix}pq - Ixz(p - qr) + Ixy(q2 - p2} - Iyz(q + pr) - Ixzp - Iyzq + Izr

+ 2^Urotorl>>rotor(P Sin frotor ~ q COS £rotOr COS arotor) + <i>rotor COS £rotOr Sin arotor]}

[ / 9 ? \ "1
— (*outZout)/? — (^out^out)^ + (*oiu + ^out )r + -^outjout — ̂ out-^out J

- NA + NT

C. Elastic-Deformation Equations
From Lagrange's equation, the elastic-deformation EOM is

given by

(48)

The elastic-deformation EOM is constructed by substituting Eqs.
(25-28) into Eq. (48) and is given by

(49)

Although the structural damping has been neglected in this analysis,
the effects of damping can be included a posteriori by adding a
damping term characterized by the damping ratio f/. This value is
(Ref. 1, p. 173) "ordinarily less than 0.1, and usually must be found
by an experimental measurement on the actual structure." Thus the
modified elastic-deformation EOM may be written as

i = 1 ,2 ,3 , . . . (50)

Substituting Eq. (39) into Eq. (50), the elastic-deformation EOM
can be written in an expanded form, as presented in Fig. 3.

IV. Kinematic Equations
The kinematic equations consist of two sets of equations: the tra-

jectory equations that describe the position of the vehicle relative
to the Earth-fixed frame and the Euler angle equations (or alterna-
tively, the quaternion equations) that describe the orientation of the
vehicle relative to the vehicle-carrying frame. The development of
these equations is outlined below, and a final usable form of the
kinematic equations is presented in Table 3.

A. Trajectory Equations
The trajectory equations are relationships that transform com-

ponents of the vector VE along body axes into components along
vehicle-carrying axes, where VE = (VA+VWind) is the Earth-relative
velocity of the vehicle. Hence

Expressing the vectors in Eq. (51) in terms of the appropriate scalar
components, one obtains the trajectory equation

RX
osA
-R

= [T]T [-1 (52)

where X, r, and R are the vehicle's longitude, latitude, and dis-
tance from Earth center, respectively (see Fig. 2). The entries of the
coordinate transformation matrix [T] are given by Eq. (4a) or by
Eq. (4b), as appropriate.

B. Euler Angle and Quaternion Equations
The Euler angle equations are relationships that transform com-

ponents of the vector UB,V along body axes into components along
the Euler system of axes (Eu) in the standard aircraft (3-2-1) se-
quence of rotations from the vehicle-carrying frame to the body
frame; UB,V is the angular velocity of the body frame relative to the
vehicle-carrying frame. Thus

(53)

where [L] is a coordinate transformation matrix from body axes to
the Euler system of axes. Expressing the vectors in Eq. (53) in terms
of the appropriate scalar components,1 one obtains the Euler angle
equations:

"1 5</>rc9 ccf)tO'
0 c0 — s c f )
0 50/C^ C0/C^

Pv

(54a)

where

Pv -m
(T + dearth) COS X '

-X

-(T + dearth) sin A
(54b)

= [T]TVA\B (51)

In Eq. (54b), i and r are obtained from Eq. (52), and the entries of
the coordinate transformation matrix [7] are taken from Eq. (4a).

If quaternion components are used to represent the orientation of
the body frame relative to the vehicle-carrying frame,7 one obtains
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Table 3 Kinematic equations

Trajectory equations

• = -[(Tun + 72iv + Tsitu) + WN]
sec A.

-[(Tl2u + 7*22 u + r32u;) + WE]R
R = [-(Tnu + 723V + 733u;) + Wv]

Euler angle equations Quaternion equations

= pv -f gt,sm</> tan# + r^cos^ tan$
= qvcos(f> — rysin0
= qvsin 0 sec 0 + r^cos 0 sec 0

where

pv = p+ -[u(Ti2Ti3 tan A.) + v(7i3722 tan A + TUT21 - TnT22)
R 1

sin * ~ 7n cos A) + ̂ [^^2 + W£(r13tanA. - rn)]

)^ + Tl2T3l - TUT32)]

-[
R

rv=r+ -[
R

-[WNT22K

2 - T]2T2l) + u(r22723tanA) + w(r23732tanA + T22T3l - T21T32}}

W£(723tanA. - T2l}]

+ v(T22T33 tanA + r2i732 - r2273i) + w(T32T33 tan A)]
1
-[WNT32 + WE(T33tanX - 731)]
K

the quaternion equations

ft

ft

0
—rv

qv

rv -qv

0 pv

-Pv 0

p

ft
(55)

where (p^, g,;, rv) are given by Eq. (54b). The entries of the coordi-
nate transformation matrix [T] in Eq. (54b) are taken from Eq. (4b).

V. Point-Mass Model
The EOM can also be used to derive other dynamic models, such

as the linearized EOM and the three-DOF point-mass model. The
point-mass model is typically used in trajectory studies such as per-
formance analysis and optimization, where the translational motion
of the vehicle is of primary interest. This model consists of the
(nonlinear) force and trajectory equations written in a special form.
The moment equations do not appear in this three-DOF model. The
decoupling of the force and moment equations is based on the as-
sumption that control surface deflections do not significantly alter
the aerodynamic forces appearing in the force equations. The mo-
ment equations may be employed a posteriori to predict the control
surface deflections required to maintain the vehicle along the path
described by the force equations.2 A final usable form of this model
is presented in Table 4. In these equations, T is the total thrust force
of all of the engines, D is the drag force, Q is the side force (along
the negative y axis), aT is the average thrust angle of attack of all
of the engines, and f>j is the average thrust sideslip angle of all of
the engines. It is noted that the wind axes angles (/x, y, x) are used
in lieu of the standard Euler angles (0, 0, i/O, where \JL is the bank
angle, y is the flight-path angle, and x is the heading angle. The
fluid-flow terms, which depend primarily on the vehicle angular ve-
locity <*?£,/, do not appear in Table 4 because the point-mass model
does not include rotational dynamics.

VI. Discussion of Vehicle Equations of Motion
A survey of the vehicle EOM shows that there are a total of

(12 + /?) equations, where n is the number of structural modes in-
cluded in the model. The breakdown of the EOM is as follows: three
force equations, three moment equations, n elastic-deformation
equations, three trajectory equations, and three Euler angle equa-
tions (or, alternatively, four quaternion equations).

From an inspection of the EOM presented in Tables 1-3, the cou-
pling between the force, moment, trajectory, and Euler angle (or
quaternion) equations is evident. The aerodynamic forces and mo-
ments on the right-hand sides of the force and moment equations
have a strong dependence on the elastic deformation; the inlet/exit
locations are also affected by elastic deformation. Additionally, the
aeroelastic forces on the right-hand sides of the elastic-deformation
equations have a strong dependence on the vehicle velocities (trans-
lational and rotational). Hence the elastic-deformation equations are
coupled with the force and moment equations. There is also an ad-
ditional inertial coupling of the moment equations with the elastic-
deformation equations through the moment-of-inertia derivative
terms, but this coupling is very weak for small elastic deformations.

Figure 3 highlights the various effects (rigid body, rotating Earth,
wind, fluid flow, elastic deformation, rotating machinery, vehicle
position) that affect the dynamics of the vehicle; the interactions
between these effects are also noted. It is not feasible to reach a
universal conclusion as to which effects and/or interactions are neg-
ligible, since the EOM developed in this work are applicable to a
wide variety of flight vehicles. However, the information contained
in Fig. 3 permits the user to obtain a reasonable estimate of sev-
eral interacting terms. It should be noted that the dynamic model
developed in this work does not explicitly include fuel slosh effects
(which could be significant for SSTO vehicles); however, they may
be included by expanding the definition of the mean body axes.1

The EOM can be used for various applications such as dynamic
simulation and control system design. Depending on the applica-
tion of interest (e.g., trajectory optimization, design of pitch autopi-
lot), the Coriolis, transport, rotor, fluid-flow, and elastic-deformation
effects may have varying degrees of importance. For a vehicle
flying at Mach 25 at 200,000 ft altitude, the maximum magni-
tude of the Coriolis force mu>E,i x VA is approximately 6% of
the vehicle weight, and the maximum magnitude of the transport
force m(jj£j x (^EJ x R) is approximately 0.35% of the vehicle
weight. Using generic data for a single-stage-to-orbit vehicle (W =
250, 000 Ib, mfluid = 500 slug/s, |ropen = 25 ft) flying at Mach 8 at
80,000 ft altitude with an absolute angular velocity of 3 deg/s, the
force associated with the fluid-flow term is of the order of 0.5% of
the vehicle weight. It is estimated that the moment associated with
the fluid-flow term is of the order of 1% of the maximum pitching
moment that the elevator is capable of providing. These estimates of
fluid-flow terms are based on a preliminary analysis9 of the engine
module only; in particular, the magnitude of ropen is an estimate of the
distance between the vehicle center of mass and the actual nozzle of
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__________________ Table 4 Point-mass model

i= -(Vcosy cosx + W,v)
R I

T = - —— - (V cos y sin x + WE)/?cosA.
R = V sin y + WTJ
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the engine module. It should be noted that the preceding estimates of
the force and moment due to fluid-flow terms are for exit flow only.

VII. Conclusions
An integrated, consistent analytical framework has been devel-

oped for modeling the dynamics of elastic hypersonic flight vehi-
cles. The dynamic model includes the effects of rigid-body motion,
elastic deformation, fluid flow, rotating machinery, wind, and spher-
ical rotating Earth, and their interactions with each other. Beginning
with the application of "first principles" to each particle of the vehi-
cle, a Lagrangian approach was used to develop the force, moment,
and elastic-deformation equations in vector form. Scalar forms of
these equations were then obtained. The appropriate kinematic equa-
tions were also developed and presented. The characteristics of the
three-DOF point-mass model were outlined, and the corresponding
equations were presented. A preliminary study of the significance
of selected terms in the equations of motion was conducted. Using
generic data for a single-stage-to-orbit vehicle, it was found that the
Coriolis force can reach values up to 6% of the vehicle weight and
that the forces and moments attributable to fluid-flow terms can be
significant.
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